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Algorithm for Maximizing Algebraic Connectivity Based on Graph Neural Network
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Abstract: As the number of agents increases, the number of potential communication links in a multi-agent system grows
exponentially. Excessive redundant links lead to a significant waste:of energy and maintenance costs for the system, while
blindly removing links will reduce the stability and security of the system. Algebraic connectivity is one of the important
metrics to measure the connectivity of a graph” However, traditional semidefinite programming (SDP) methods and
heuristic algorithms for maximizing algebraic connectivity in large-scale scenarios are time-consuming. This study
proposes a supervised Agraphn neural network model to optimize the algebraic connectivity of multi-agent systems. The
study applies the traditional SDP method in small-scale task scenarios, obtaining a sufficient amount of diverse training
samples and labels. Based on this, it trains a graph neural network model that can be used in larger-scale task scenarios.
The experimental results indicate that when removing 15 edges, the proposed model achieves an average performance of
98.39% of the traditional SDP method. In addition, the model has extremely limited computational time and can be
extended to real-time scenarios.

Key words: multi-agent system; algebraic connectivity; graph neural network (GNN); semidefinite programming;

rounding technique; control study; machine learning
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(R HEAAT B [E] T, AT DL GNN B8 o 75 B2 5] [
SRR, DB SR FE, I BB AR AR I 2R )
77, Bk, Pk B R 5 A3 E 5] N2 E . 45
WENMA MLP 2, 54> MLP ZHIZ5A &L 1.
I SE, FATTR I GNN A ZHORE N 3 J=02 L
HIEMW, 8 —2 GNN BB &R S HA—,
W® L p® g HARME IR . 2 )5 BIfARTEEAL (Batch-
Norm). FEHLZE (Dropout). ¥4I B % (Activation).
RE R (Aggregation) ZE E WK 1. KT YIS
B RIS HE LR 2. 1% GNN R ) HE R 204 i 3
H AR

3

1 JEH R S

AR BEATL IR O BRI RAERE
= 0.3 PReLU MEAN
*£2 INHERENSERE
(WG S p 2% I A A
32 0.01 Adam 200

4.4 FUNEZ

2ot IR AT R Bevh B AT AU R AT
RURFIE. 285, AT B AR 2 L BT LA OB 1) 38 15 B
% 4] [ P e 498 M — AN S 4, L ()0 15 B . IR, R
A3 75 L8 PO J2 ke £ tH X 283

Bt B R AFE R B — %l e = (u,v), TATTAT LA

B R FURT R v TS RUREAE K B, R

NI e B A TR B0 A K 38 S T W R 14 7.
e AR i€ SN '

El
*

. score, =hlh, (8)
ot by, Ak, A GNN FETGE fu AT v (%
TEIRAF B 26T 1A 5 )5, AT LAl I 3 $645 2 5 e 1)
b 30K E GNN R A i e 24 48 5L
4.5 HKEH

PR R A R EAFE A, — o XA T
BH SHMEFKIL. By 2ENAERTFES
S HETENSE E il St FERES S T, WG
27 R AT i R HE L T 3, AR TR R
FEXT B4 EE, 0] LASe & 3 0. A, 0T A5 LE AR
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XS HE J5 B, FATRRE 75 ZEIE M R X TR AN EA
Fraa S PEAEILEE E T iid, wiia R M Er — 2% 4T
XHACEICZE I8 L B R R AR AR O

B, WATRA FEE S AL IR 7 #
LB —AMBREE, XK ZR E A

rank,

label, =1 - 9

Horn, b R R I, rank, Jeill e TR ARG S
FIVCRE. 5070 1 K0 e WL BOAS 2 38 i I %, Lo
rank, = O}, label, = 1, '& 2 F A (A% I 10 b5 2 v {8
SRH. e L) -

B T $907 9% 25950 0k o6 H 0 SR FLA b H A o8 4

rank, 2
Losss = Z ((1 - )— scoree) (10)

ecS

WRJE, XTI P Ay S HEAELER E
(32, FAT Ay BEASE R TIOIN L SR o R B A5 20 ) 2 R
TN, DAL, BA TR IX A8 73 452 2K iR AU SO

Lossg\s = Z scorez (11)
ecE\S
CRE TR AT
Loss = Losss + Lossg\s (12)

B

5 (HESLY 545 Bt \

TEACYT o, B PR I 258 i) GNN A A7)
LSRN el SRt TS5 G VR BHT I . S
BREIE0, 51x[0, STHIFif L. ¥ 56 75 P b BLAE
—NREAE, Z BN B A R 2 T T
A 1 T R B P, AT (AE 22 %84 8 1 R 400 R £
ol — 5 RS . MR R (1) 38 43 R S B P AL
#HOEE p1 =2, pp=3, €=0.001. I-ATH GNN FEH 2
TES 4.1 TR AN 500k BEASE I8 81, FAT%
AR 20 AN RER. 9 T S AT VR A GNN 2
(L B, SR FH e 0 S R R AR A HE AT T A b 4
G AR s A Y, okl sy
23N D) e R 1 (SDP-Step 835). X T-48 il
T, BT K B REA RO 1 2 4 A
IR, 27 SR [4], Y AR UCHR B A 3000, 25
(KR /2, ot n AR R A B
51 XZEEMR

B, FRATR R ZE B GNN A Pk BT T
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8] B A IR, X GNIN AR (g F00) 25 SR EAT T R
R ER— NS n DMEIE, B E— A A
AR FA kA EEER T AL BATRFS Wdn, k)
RF TR IX TR G AE. MR B V2 U430, 7R
Bk 5 AT AT TE R I I, A B AR BO% I B R RE
RAFEI ONTRATEL BV A GNN BB R R R4 T
fEF.

Xt 4(a) FHRER WA, 3), 247
3 ki, SDP-Step HiER A R N {(1, 2), (3, 4),

A 20 R RERRIES 5%, JER GNN BER 45
RGIXEAL GEER I AR BEAT T LR 8 7 VR Al I R
LR GNN AT BE (520, AT RN R 1
HE b WENL2, -+, 15 & 3k 7 GNN FBRUFIH
b SR AE TSR B #1) T PP S AR 3 AN - 2o SR
8] X T REANE, 5 1 AT RARBOEEEE, 5 2 1721
SRS T 6 FARBOE T FE R I, BATHs S AL 45 R LU
AR RILAR B, U R 25 A DAL AR B

(5,6)} (K 4 (b)), 5 GNN B A F (B 4(c)). 24
M, X 5(a) HF I WA(3, 4) JEAT IR, 7T LA
L E MG 4 25300, SDP-Step 5L BEMIE (4, 5),
(7, 8), (1, 3), (2, 3)} (B 5(b)), GNN H= 2% MR {(1,
2),(2,3), (1, 3), (4, 6)} (B 5(c)). BARFATI GNN f A
5 A RS 77 %8 55 SDP-Step Sk A K — 3, 4H W %
(AR B0 T P 02 1.0 IRt AR I8 5 1) A R
%, GNN B3 U AT SDP-Step 5%, GNN
B4 5 SDP-Step Sk 45 BAFAE 5, K2R
DNAE S T8 WIAT 25 23 (R R, AT BEAFAE 22 FhAS [ (0 4K 3R
W AT LA 1 22 e, SR AR B i R A vt
P e B 2 00 1 BT GNIN R (g P

(a) Wd(3, 3)

(b) SDP-Step
K4 KK w3, 3) xfte

Sl

(c) GNN

52 ikt (a) Wd(3, 4) (b) SDP-Step (c) GNN
TEARTT R, AR AR R 8977 LA AL T 100 K5 XA wdg, 4) xft
3 GNN LY HA Bk 1A 0% 8 AN 38 v S [a) %] L (n=20) L\
Bk Eiztas 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
S-St RAGEEE 105 105 105 105 105 105 105 105 105 105 L04 104 104 104 104
-D1¢]

SEHVFERE () 003 006 008 011 015 017 019 022 1025 029 031 033 036 042 049
(% (<3013 105 1.05 105 1.05 1.05 1.05 1.05 105 1.05 1.05 1.04 1.04 104 1.04 1.03

REER SEHUFENE () 1.08 114 123 142 160 147 151 156 162 170 173 1.75 183 203 225
GNN RECEBZ 105 1.05 105 1.04 ~1.04 103 1.03 1.01 101 100 098 096 094 092 090
SEHUFENE () 0.02 002 002 002 002 002 002 002 002 002 002 002 002 002 002

P - ﬁiﬁzéﬁﬁ% 1.04 1.03 ©1.02 099 098 096 095 093 092 090 0.87 086 084 083 082
SPEITFSRE () 001 001 001 001 001 001 001 001 001 001 00l 00l 001 001 0.0l

By w6 iil; 3 103 1.02 099 098 095 094 091 088 089 085 082 077 076 0.74 0.62

SEYJUFERTE (s) 007 013 0.18 026 034 038 044 049 054 059 065 077 078 0.87 096

P, TR L PR sA B EE I R P G, RTEE b
B R PEREAT R TR BkR. AN RE T, ANE R
T RE 2 BN W 45 [0 5 22 SQBRIA, M T e A5 7R (1 P8 i i
R R ).

T3AN, FATA DL 52 H] GNN R AL A1 AR SVEAE T
SIS TR L i 5 A o A 320 1 i 4 I R AR A DL
5 SDP-Step FiEM, £ RFEEHETLHIHHH
IS 18], T VRS T SR A B AT A A A

4R, SDP-Step Hi%: K fif A5 R 2 f ). 7RI
BN S S5, AT T 3000 JOERE R AR
SRR BN SDP-Step H LRI LF—2. 7l LA
RIL GNN B R IAMEE, A REA 1) SDP-Step
BOEMZA S REEN R ZEAR K, HE st
Peah e A EIEF i R R U I . GNN BEAY (1
KUK R SDP-Step HIL M 2 A2 2 T8, 1X 2
1R EARI. BRUNAE/INBAT 25 3 5, Bl B T 22 (R b
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PN EE RN A 5 GNN BRI AR 24, K1, %%
F T BE R BB B AN & GNN 57,

DAL, FRATTA S B2 B — 58 Iz A RE J0 1, R
TEWA WL AT 5 3 5, RBLEA XS L 54, 18
AN RAE 55 37 5, GNIN R AL 36 Bt g AN 34 AR
X ECR P RE AN ) LT T DL R T SRR ().

53 AR

YUTS5 s R REAR I B S N, S GNN 45
AR BB I RE A 08 DA B I SRR Y S B AR R =
IHAb, SDP-Step ke —FpdE TSR ds 10 7732, SR T B
BRI BRI, SRR B PAT I A] 2 535 3,
NI 5 B0 BT AR 28 AR AR 15 57 B B LAY SERR.
DA, FRATT B AR AE /N UARAT 55 3% 5% R Il 25 GNN A5

B, SCHUHAE R 5 rp Rz AN . 2E S R R

MR FIER S B e A E I 2 F 2 K&
], MAE S8 (B35 =00 ) IITRRE#IAS ) SDP-Step
Sk AL, CERP IS T, IO SDP-Step Sk
PRl GNN BB PERE. K GNN AR TR 4 K0 58 1 3
6NN, #4 SDP-Step B A EUEE 38 B2 1K N2, SDP-Step -
T AT B RE XS G, BATFIN T — NP 4
Fr, B A A2 6NN /A2, sDP-step K78 SDP-Step 55 GNN
Z [ I L.

6 25 th T AEHNA 30 B REMR A 100 ASEEHLAE
S ECF A AIMBR 1. 5. 104 15 2L MSEI6 45 0
. BEAARR N A2, NN/ A2,5DP-Step T ELAEL X 8], ZhAA AR i
R A X B AR 55 I s e, FEREBR 1. 5. 10
15 %121 )5, GNN AP 24P 43 75 B T SDP-Step
1] 99.98%. 99.80%-. 99.01% £ 98.16%. 4 6 &7, 7E

X 100 NEAT 30 MR BEIRIBENLE 5537 5 By HERR

% 5 2300, GNN BERITE L7 Fif AT 55 gk E A
BT 99% BA_L, 24 2R RE 10 40T, GNN FE % ]
T 95% bl b 7R 15 M5, X300 7 MES
%5, GNN HIHEBEIE T 95%. AT, GNN BLTH /e 42
£ 5 4 > ERRIE 100% M 110% 2 08,
Lt SDP-Step LKL HEAL.

FIRE, [ 7 45 T R 50 MR RETRI 100 Mt
HUES 5 T B MER 1. 5. 100 15 &0 K)S2i 45
BoA. AELM 1. 5. 10 1 15 45345, GNN # AL
SEIPERE 2 IIE R T SDP-Step 1 99.95%. 99.66%-
99.23% #1 98.63%. MK 7 i, FATAT LLE F, GNN
TUBEA P AL SDP-Step, E/ERS I 10 251U TEE A,
GNN B JLFEATA T 6L N #REIE 2] 97% LA Btk
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RE. HFERR 15 234, ERPEREJL-FILE] 95% Ll k.
UEAh, BATRE BIEH A —MMEF T FH, JBE 10
oY 15 2634, GNN BRI PE BERE AR T 90%. {E R %
EERGE, 581 100 MES S, XM EEF T
ST o T EEAIAR /N, DRI X B AR 45 SR A s A A R

80
18 80 | @60
i 00 I
40t X407
N R 20
0
0.9951.000 1.005 1.010 1.015 095 1.00 105 1.10

N
A‘Z.GN\I/}'E,SDPrStcp j'Z.(i?\'N//"Z,SI‘)}lSlcp

(a) b=1 (b) b=5

0.8 0.9 1.0 1.1 0.8 0.9 1.0 1.1

AZ,GNN/X'Z,SDPVSLCP

(d) b=15

j'z,eru/ﬂvz.smlrsm;

(c) b=10

K6 b=1,5,10,15 I A2 GNN/A2,5DP-Step 117347 (n=30)

£ 80 i
60| 60|
i ok
N 40 | K40
R Rl
i 20 + tﬁ 20
(| — 0
0.995 0.994 0.996 0.998 1.000 096 098  1.00

)'Z_GNN/AZ,SDP-Slcp ‘)‘Z‘GNN/XZ,SDP»S(CP

(a) b=1 i N ®b=s

0.900 0.925 0.950 0.975 1.000

0.80 0.85 0.90 0.95 1.00

)VZ.GNN//’{Z,SDP—Srep

(d) b=15

)'ZAGNN/j'Z,SDP-Slcp

(c) b=10
K7 b=1,5,10,15 i A GNN/A2,sDP-step [FI 53 Hi (n=50)
MIXPRAN S50 ] DAE tH, 491F55 5t B Re A e 2
EHOKT, GNN AP RE FFE R fa e R4t /NI
AT 55 e b B KA ARBCEIE FE J7 R 2] 2 5, GNN
B REAE AT RO HE R Y BT AT 55 I e b i i KA 3R
W&, XKW GNN A4 1 b H K HUEAE 55 1 5 1 g
71, F HATAFBERUE S B — @ i e k.
54 KMRESHRITEREXTEL
FATEE ST GNN BB RN T /NI 55 3 5%,
MR T RIS 5. R4 SDP-Step F% A
JeREE 45 AR F5 i Al vk 07 22, (BBEAE AE 55 1 5% h B e
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PR HE 39 N, SDP-Step B0 A fif 1 J7 58 T 75 A I
(A8 K, A& G SEmT M. AL Z R, GNN LAY
(T BN T 5 8 e A (1 B0 TE O, AT DA 30 58 KRN
B3 5. & 8 L T SDP-Step Al GNN #5747 & fig
A B B T I DL, 2o B e B 1 BT T
(72 SN E]. 5 SDP-Step [ A 4H Eb, GNN
BERY (T H ST [ R AR b AT DL ANTT 3% & R TE SDP-
Step ", AT A0 E F KR AR SDP vl /8, 1 F & 1AL
& B BRI R Yo . kA, 24 TR St
BRI, fif i SDP Il i 75 2 58 K A I (). SR 7T, B o
B R AARBCE IR I, GNN 16 2% (i [a) J L% 4%, w] bA
HE) B 2R R 2

7t —4— SDP-Step /
6 | —+— GNN
277
E 4l
= /
Z 3l /
4
2+ /
-
1t e
0 | el
1S 20 25 30 35 40 45 50

S HUE n
8 n=15-50 FF GNN 5 SDP-Step (1115 i ]
55 B
ARSCHE I B 20 X 2% () A U AE 2 - B S i
T2 (8] PR SR 8 ST 1) AR S8 22k, ALK 73 2 4L
T E R B A By 1) PR B A K K 5. (H 2 55
BN AR B PR R S M K, B A W 2 R H. R

B EOIER L BENURIEAAR AL, FEARHT A, B0

T3 i 256 SR 43 T A v A R AL 4 V8 3 T 43 BT
5 55 75 R R P i P RS, DL R P 28 0 4% 2 0
S BRI 2731 e 2 MO 0 ) M) 45 R 1
A4k, LU RIS RS B N GNN 240h 3 2, B
A BREUCA MEAN, 22 %5 0.01, BEHLRTE N 0.3 LK
AR AL A True. 287598 LA SDP-Step IR AF Hy
e, BIVAEASBE (1) R B0% 8 15 SDP-Step HIXHUE I8
FE£ 17 LU AR A0 60 A ARk B AP 3R, IR 104 25 3
SO n=20.
5.5.1  fthriEfb SBENLRTE

SHT Y L A0 AL 2K 395 02 T LA 28002 A 75 i 4
it — A0 2. SR A AR R X A2 1 N AT
T AL AL B, L5 U S B L 35— B 20 4B A A%

IR IS B IX B AR E AL S BB S A { True,
False}, Bl >R FfEAREALFIAS K A HEARHEAL, BFEHL RIS
ZHUE 5 Bl N {False, 0.3, 0.6}, RIASSK I BEAL 235 «
K IR N 0.3 FIEN 0.6. N T LA MRIX NS H
FAT TR S o A5 TR 2 SR A s ), o X 7 2E 2 S B P R 4
G, AT T 6 RS, SLIG LS R 9 Fros. MFbR
e f R HEAR HEAL UM, T X True, F X B
False. A7 X B2 AL 2K 75 O EUE, F X False, 0.3 #ll
0.6 X LA (1A %%*ﬁﬁ*ﬁﬂﬁ‘gﬁ@ﬁﬁfﬁ% SDP-
Step MIACECEE FE 1) Hi:{éi‘. EI%% , EARHL AR AL X
*ﬁ?&'ﬁﬁ%ﬁ‘]%ﬂ%ﬁﬁﬁﬁ, EL2 SR bR b LA R
%ﬁy%;ﬁﬁL%&wh—%m%m%ﬁﬂuﬁﬁ
YRz A e 77 58 5 3 I BE A2 T, (2 HUE ORI
TeVE A AR AUE B AE JB, BEA RE SR IR 2E.
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SR T Ho— B A8 SRS . B PRI 48 T 4% 2 0 g 1
T, BN RS H T Bz sk R B R 2 T s AR
IEAL EREUETE R {1, 2, 3,4, 5, 6,7}, SLIR 45 w1 10
JIT7. R AL A g T i 20 I 2% 14 2 8, A bR R R FR 4K
HOEEZ 5 SDP-Step IARHOEE B ELAE. K 10
R DUE ), BRI 28 2 ECR 12 IR AR 22 1R
%, 2 ZITXZE. HEHCh 3 2 LD B, AR 0E
WAR 22, fELEL 12 R — 2[R I PR e 22 N 4 2 Ak
3 ERAEER.
553 RER

AR FE R BB BUE T8 FELA {MAX, SUM,
MEAN}. SEI S5 AN 11(a) Fis. Bk bR A 52k E
(RYEUAE, P\A b A RS2 AR Bl 38 B2 5 SDP-Step (11X
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B A [P RE 20 T MAX R SUM, 2505 T 5.54%
A1 2.55%. A LAEN MEAN 8T MAX 2 KA ST
I 80 R AR A B TN 55, (HL R 508 JE I i i B
K, FEEZ T MEAN SRECHIAE &4 B 4
TH— 26, 4RSI 25 R, G mBHETE /8 H MEAN.
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P A B 32 ) AL Tukfxé{%jiﬁd\ﬂl’ri
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